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Why 2D Yang-Mills at all?
Partition function of 4D BPS black holes (BH) compactiﬁed in IIA string theory is
given by the partition function of topological strings (TS):
ZBH ∼ |ZTS|2
ZBH is given by the partition function of a q-deformed 2D U(N) YangMills theory
(qYM)
ZBH = ZU(N)qYM
[Ooguri, Strominger and Vafa '04]
; ZBH can be used to calculate BH entropy
Large N dual of SU(N) qYN is TS on special geometries
ZSU(N)qYM N→∞−−−−→ ZTS
; Large N expansion of qYM should be related to quantities in TS
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Basics of 2D U(N) YM
Partition function on 2 dim manifold Σ:
ZYM(N; Σ, gYM) =
∫
[DA]e−1/4g2YM
∫
Σ d
2x Tr(∗F∧F )
Gluons have no propagating degrees of freedom
ZYM only depends on the topology and the area: ZYM(N; gYM, g ,A)
g : genus of Σ A : area of Σ
⇒ The 2D YM is exactly solvable
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Basics of 2D U(N) YM
Representation theory of U(N):
Irreps are labeled by Young diagrams:
λ = [λ1, λ2, . . . , λN ] λ1 ≥ λ2 ≥ . . . ≥ λN ≥ 0 λi ∈ Z≥0
Dimension of a representation Rλ:
dim(Rλ) =
∏
1≤i<j≤N
λi − λj + j − i
j − i
Quadratic Casimir of the representation Rλ:
C2(Rλ) = N
N∑
i=1
λi +
N∑
i=1
λi (λi + 1− 2i)
; Heat kernel expansion for closed surface Σ:
ZYM(G ; g , g2YMA) =
∑
λ∈Λ+
(dim(Rλ))
2−2g
e
−g2
YM
A/2C2(Rλ)
[Migdal '90]
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Basics of 2D U(N) YM
Fundamental building blocks of Σ:
ZYM(g2YMAcap;U) =
∑
λ∈Λ+
dim(Rλ)χλ(U) e
−g2
YM
Acap
2 C2(Rλ)
ZYM(g2YMApants ;U1,U2,U3) =
∑
λ∈Λ+
χλ(U1)χλ(U2)χλ(U3)
dim(Rλ)
e
−g2
YM
Apants
2 C2(Rλ)
where U = Pei
∮
dx A is the holonomy along the boundary.
Gluing two boundaries gives:∫
dU ZYM(g2YMA1;U, . . . )ZYM(g2YMA2;U†, . . . ) = ZYM(g2YM(A1 + A2); . . . )
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Planar limit of 2D YM on S2
2D YM on S2 (g = 0)
ZYM =
∑
λ∈Λ+
e
−N2Seﬀ (λ)
planar limit−−−−−−→
∫
Dh e−N2Seﬀ [h] saddle-point approx.−−−−−−−−−−−→ e−N2Seﬀ [h0]
Seﬀ(h) = −
∫ 1
0
dx
∫ 1
0
dy log |h(x)− h(y)| + A
2
∫ 1
0
dx h(x)2 − A
24
− 3
2
Solution of the saddle-point equation ⇒ matrix model techniques
[Douglas, Kazakov '93]
Phase transition:
Non-analytical behavior of the solution ⇒ Two phases
small area phase : A < pi2
large area phase : A > pi2
Reason: instantons are suppressed in the small area phase
instanton suppression factor : e−N γ(A) with γ(A = pi2) = 0
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Large N expansion of 2D U(N) YM
For large N, the SU(N) representations factorise to chiral and antichiral parts:
RSU(N)
N1−−−→ Rchiral ⊗ Rantichiral
Rchiral =
⊕
n≥0
⊕
λ∈Λn+
Rλ We work with this!
RU(N): Rchiral and Rantichiral are coupled
ZYM factorize for large N
ZYM =
∞∑
n,n=0
∑
λ∈Λn+
∑
µ∈Λn+
(
dim(RµRλ)
)2−2g
e
−g2
YM
A/2(C2(Rλ)+C2(Rµ)+ 2nnN )
dim(RµRλ) = dim(Rµ) dim(Rλ)
[
1 +O
(
1
N2
)]
,
where RµRλ is a composite partition.
[Gross, Taylor '93]
Zoltán Kökényesi Large N behaviour of Macdonald-deformed 2D Yang-Mills theoryRBI, Zagreb, 20. March 2019. 8 / 31
Large N expansion of 2D U(N) YM
For large N, the SU(N) representations factorise to chiral and antichiral parts:
RSU(N)
N1−−−→ Rchiral ⊗ Rantichiral
Rchiral =
⊕
n≥0
⊕
λ∈Λn+
Rλ We work with this!
RU(N): Rchiral and Rantichiral are coupled
ZYM factorize for large N
ZYM =
∞∑
n,n=0
∑
λ∈Λn+
∑
µ∈Λn+
(
dim(RµRλ)
)2−2g
e
−g2
YM
A/2(C2(Rλ)+C2(Rµ)+ 2nnN )
dim(RµRλ) = dim(Rµ) dim(Rλ)
[
1 +O
(
1
N2
)]
,
where RµRλ is a composite partition.
[Gross, Taylor '93]
Zoltán Kökényesi Large N behaviour of Macdonald-deformed 2D Yang-Mills theoryRBI, Zagreb, 20. March 2019. 8 / 31
Large N expansion of 2D U(N) YM
For large N, the SU(N) representations factorise to chiral and antichiral parts:
RSU(N)
N1−−−→ Rchiral ⊗ Rantichiral
Rchiral =
⊕
n≥0
⊕
λ∈Λn+
Rλ We work with this!
RU(N): Rchiral and Rantichiral are coupled
ZYM factorize for large N
ZYM =
∞∑
n,n=0
∑
λ∈Λn+
∑
µ∈Λn+
(
dim(RµRλ)
)2−2g
e
−g2
YM
A/2(C2(Rλ)+C2(Rµ)+ 2nnN )
dim(RµRλ) = dim(Rµ) dim(Rλ)
[
1 +O
(
1
N2
)]
,
where RµRλ is a composite partition.
[Gross, Taylor '93]
Zoltán Kökényesi Large N behaviour of Macdonald-deformed 2D Yang-Mills theoryRBI, Zagreb, 20. March 2019. 8 / 31
Large N expansion of 2D U(N) YM
Chiral part of ZYM is
Z+YM =
∞∑
n=0
∑
λ∈Λn+
(dim(Rλ))
2−2g
e
−g2A
2 C2(Rλ)
Schur-Weyl duality
R⊗nω1 ∼=
⊕
λ∈Λn+
Rλ ⊗ rλ
Rω1 : fundamental representation of U(N)
rλ : irreducible representation of the symmetric group Sn
The chiral Z+
YM
can be expressed with delta functions on CSn
Z+YM(A→ 0) =
∞∑
n,i=0
1
N(2g−2)n−i
∑
s1,t1,...,sg ,tg∈Sn
1
n!
δ
(
Ω2−2gn
g∏
i=1
si ti s
−1
i t
−1
i
)
δ(s) =
∑
λ∈Λn+
dim(rλ)χrλ(s) Ωn =
∑
v∈Sn
NKv−nv Kv : #{cycles in v}
; For A→ 0 we get a topological theory
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Branched covers of Σg
Hurwitz-space :
H(n,B, g ; S) is the set of equivalence classes of branched coverings:
f : ΣG −→ Σg
n : degree (number of covering sheets) S : set of L branch locus in Σg
Aut f : Automorphism group of f B : branching number
G : given by the Riemann-Hurwitz formula:
2G − 2 = n(2g − 2) + B
Large N expansion of the chiral part
Z+YM(N, g , 0) =
∞∑
n,B=0
B∑
L=0
1
N2G−2
χ(Σg,L)
Hurwitz number:︷ ︸︸ ︷∑
f∈H(n,B,g ;S)
1
|Aut f |︸ ︷︷ ︸
Orbifold Euler Characters of the Hurwitz space: χorb(H(n,B,g ;S))
χ(Σg,L) is the Euler character of the conﬁguration space of L points on Σg
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Topological string theory
Where does it come from?
N = 2 sigma-model
& coupled to gravity
}
−→ IIA string theory
topological sigma-model
& coupled to gravity
}
−→ topological string theory
Procedure to get the topological sigma-model: ; topological twisting
N = 2 sigma-model twist−−−→ topological sigma-model
Two non-equivalent twists: ; A- and B-models
Where does it appear in physical string theory?
a) IIA or IIB compactiﬁcations ; superpotential
b) IIA compactiﬁcation ; entropy of BPS BH
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q-deformed 2D SU(N) YM from TS
TS on the CalabiYau
X = O(2g − 2 + p) ⊕ O(−p) −→ Σg (2 line bundles)
is dual to
q-deformed YM on Σg (q = e
−gs )
Partition function of qYM is
ZqYM(N, g , p) =
∑
λ∈Λ+
(
1
dimq(Rλ)
)2g−2
q
p
2C2(Rλ)
dimq(Rλ) = χ
(q)
Rλ
(1) =
∏
1≤i<j≤N
[λi − λj + j − i ]q
[j − i ]q
[x ]q =
qx/2 − q−x/2
q1/2 − q−1/2 is the q-number with [x ]q1 = x
[Aganagic, Ooguri, Saulina, Vafa '05]
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BPS black holes and 2D U(N) qYM
BPS BH
Supersymmetric solitons in 4D Sugra (MBPS ∼ MP)
They have both electric and magnetic charges (dyons)
They are stable: do not emit Hawking radiation
BPS BH comes from compactiﬁcation of IIA superstrings
Partition function
Consider X as before and wrap N D4-branes on
O(−p) −→ Σg
The BPS BH partition function ZBH: counts BPS states
The entropy of the BPS BH can be calculated from ZBH
ZBH reduces to 2D U(N) qYM:
ZBH = ZU(N)qYM
For large N it factorises to a chiral and antichiral part:
ZBH ∼ |Ztop, str|2
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Large N chiral expansion of 2D U(N) qYM
Chiral partition function for zero area
Z+qYM(N, g) =
∞∑
n=0
∑
λ∈Λn+
(
1
dimq(Rλ)
)2g−2
The quantum Schur-Weyl duality for Uq(U(N)) quantum group
R⊗nω1 ∼=
⊕
λ∈Λn+
Rλ ⊗ rλ rλ : irrep. of Hecke algebra Hq(Sn)
Hecke-algebra Hq(Sn)
Generators:
gi gi+1 gi = gi+1 gi gi+1 , gi gj = gj gi for |i − j | > 1
and (gi − q) (gi + 1) = 0 i = 1, . . . , n − 1
Linear map h : CSn → Hq(Sn):
h(si1 . . . sir ) = gi1 . . . gir
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Large N chiral expansion of 2D U(N) qYM
Expansion of Z+qYM with delta functions on Hq(Sn)
Z+qYM(N, g) =
∞∑
n=0
q−
n (n−1)
4
[n]q!
1
[N]
(2g−2)n
q
∑
s1,t1,...,sg ,tg∈Sn
q−
∑
i
(
`(si )+`(ti )
)
× δ
(
Dn Ω
2−2g
n
g∏
i=1
h(si ) h(ti ) h(s
−1
i ) h(t
−1
i )
)
[de Haro, Ramgoolam, Torielli '06]
Delta function on Hq(Sn):
δ(x) =
∑
λ∈Λn+
dλ(q)χrλ(x)
dλ(q) is the quantum deformed dimension (dλ(1) = dim(r
Sn
λ ) = dim(rλ))
Dn is given by χrλ(Dn) = dλ(q) (central)
Ωn is a linear combination of central elements of Hq(Sn)
This formula has not got a nice geometrical interpretation like the original one /
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Reﬁnement of TS and the BPS BH
Non-reﬁned string theory: one string coupling: gs (q = e
−gs )
Reﬁnement: one additional parameter, 1, 2 (q = e
−1 , t = e−2)
[Iqbal, Kozcaz, Vafa '09]
Motivation: M theory on TN × S1 × X (TN is the 4D TaubNUT space):
ZM
(
TN ×q S1 × X
)
= ZXtop(gs)
ZM
(
TN ×(q,t) S1 × X
)
= ZXref top(1, 2)
The gauge theory dual (X as before) is
Macdonald- or (q, t)-deformed 2D SU(N) YM
Reﬁned BPS BH partition function:
; Counts BPS states with spin
with
Zref BH = ZU(N)qtYM and Zref BH ∼ |Zref top|2
[Aganagic, Schaeﬀer '12]
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The 2D U(N) qtYM
Partition function
ZqtYM(N, g , p) =
∑
λ∈Λ+
dimq,t(Rλ)
2−2g
(gλ)1−g
q
p
2 (λ,λ) tp (ρ,λ) (λ, µ) :=
∑
i
(λi , µi )
dimq,t(Rλ) =
β−1∏
m=0
∏
1≤i<j≤N
[
λi − λj + β(j − i) + m
]
q[
β(j − i) + m]
q
Reﬁned quantum dimension
gλ =
β−1∏
m=0
∏
1≤i<j≤N
[
λi − λj + β(j − i) + m
]
q[
λi − λj + β(j − i)−m
]
q
Macdonald metric
β =
log t
log q
=
2
1
and ρi =
N + 1
2
− i Weyl vector
β can be analytically continued away later
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Planar limit of qtYM on S2
Planar limit with p 6= 0:
N →∞, 1, 2 → 0, τ1,2 = 1,2N ﬁxed 't Hooft parameters
Eﬀective action:
Z q,tYM =
∑
λ
e
−N2Seﬀ .
Continuum limit:
i
N
→ x , λi
N
→ λ(x) , h(x) = −λ(x)
β
+ x − 1
2
Eﬀective action
Seﬀ [h] =− β
∫ 1
0
∫ 1
0
dxdy log sinh
∣∣∣∣τ2(h(x)− h(y))2
∣∣∣∣+
+
βpτ2
2
∫ 1
0
dx h2(x) + +
2β
τ22
FCS0 (τ2)− βτ2p
24
,
FCS0 (τ): planar Chern-Simons free energy on S
3
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Saddle point equation of qtYM on S2
Density function
ρ(h) =
dx(h)
dh
From the deﬁnition of the Young diagram:
0 < ρ(h) ≤ 1 and
∫
ρ(h)dh = 1.
Eﬀective action with ρ(h)
Seﬀ [ρ] = −β
∫
dh
∫
dh′ ρ(h)ρ(h′) log sinh
∣∣∣τ2
2
(h − h′)
∣∣∣+ β pτ2
2
∫
dh ρ(h)h2
Saddle-point equation:
δSeﬀ [h]
δh
∣∣∣∣
h=h0
= 0
⇒ ph = P
∫
dh′ ρ(h′) coth
(τ2
2
(h − h′)
)
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∣∣∣∣
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)
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Phase transition of qtYM on S2
Solution of the saddle-point equation (Using matrix model techinques)
ρ(h) =
p
pi
arctan

√
eτ2/p − cosh2 ( τ2h
2
)
cosh
(
τ2h
2
)
 ρ(h)|max = p2
But we have ρ(h) ≤ 1 ! → Need an extra cutoﬀ → Non-analytical behaviour
Phase transition
I p ≤ 2: no phase transition
I p > 2: we have a critical line:
A∗(p∗) = p∗2 log
(
1 + tan2
pi
p∗
)
,
A := τ2p
I p →∞: the original
Douglas-Kazakov phase
transition
Figure: Phase diagram
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Generalized quantum character and Macdonald polynomials
Generalized character is deﬁned on the maximal torus of Uq(U(N))
; Given by an intertwiner Φ : V → V ⊗W between Uq(U(N)) modules
χΦ(U) = TrV
(
ΦU
)
where U = e(z,H) Hi : Cartan-gen.
[Etingof, Kirillov '93]
Macdonald polynomials can be expressed as
χΦλ(e
(z,H)) = TrRλβ
(
Φλ e
(z,H)) = Mλ(ez ; q, t)√
gλ
and λβ = λ+ (β − 1)ρ
where
Φλ : Rλβ → Rλβ ⊗ R(β−1) Nω1
Schur polynomial:
Mλ(x ; q, q) = sλ(x)
The reﬁned quantum dimension:
dimq,t(Rλ) = χΦλ(t
(ρ,H))
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Quantum Schur-Weyl duality for generalized characters
Using the quantum Schur-Weyl duality
R⊗nω1 ∼=
⊕
λ∈Λn+
Rλ ⊗ rλ
There exists a Pλ projector for each irrep λ:
Pλ R
⊗n
ω1
∼= Rλ ⊗ rλ
Pλ =
dλ(q)
q
n (n−1)
4 [n]q!
∑
σ∈Sn
q−`(σ) χrλ
(
h(σ−1)
)
h(σ)
We choose an intertwiner
Φn : R
⊗n
ω1 −→ R⊗nω1 ⊗ R(β−1) Nω1
Φn :=
⊕
λ∈Λn+
Φλβ−2 ⊗ 1rλ
⇒ We can use this Φn to express the generalized character:
Tr
R⊗nω1
(
Φn U Pλ
)
= χλβ−2(U) dλ(1)
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Reﬁned quantum dimension
Using Pλ and take U = t
(ρ,H)
dimq,t(Rλ)√
gλ
=
q−
n (n−1)
4
[n]q!
dλβ+aI(q)
dλβ+aI(1)
∑
σ∈Sn
q−`(σ) χrλβ+aI
(
h(σ−1)
)
Tr
R⊗nω1
(
Φn t
(ρ,H) h(σ)
)
where a = (β − 1)N+1
2
and I = (1, . . . , 1)
Reduce the trace Tr
R⊗nω1
(
Φn U h(σ)
)
using cyclicity
Tr
R⊗nω1
(
ΦnU x y
)
= Tr
R⊗nω1
(
ΦnU y x
)
for x , y ∈ Hq(Sn)
to trace of minimal words mµ ∈ Sn:
Tr
(
h(σ)
)
=
∑
µ∈Λn+
αµ(σ)Tr
(
h(mµ)
)
A minimal word contains each generator gi of Hq(Sn) at most once
Tr(g2 g1 g3 g2 g1) = (q
2 − q + 1)Tr(g1 g2 g3) + q(q − 1)Tr(g2 g3)
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Reﬁned quantum dimension
The expansion with minimal words :
dimq,t(Rλ)√
gλ
=
q−
n (n−1)
4
[n]q!
dλβ+aI(q)
dλβ+aI(1)
∑
µ∈Λn+
q`(µ)−n χrλβ+aI(Cµ) TrR⊗nω1
(
Φn t
(ρ,H) h(mµ)
)
Cµ = q
n−`(µ) ∑
µ∈Λn+
q−`(σ) αµ(σ
−1) h(σ) central elements
Φn acts as
Tr
R⊗nω1
(
ΦnU x
)
= g−n/2ω1 TrR⊗nω1
(
U x
)
While gi acts on R
(i)
ω1 ⊗ R(i+1)ω1 as PR, where
P(v ⊗ w) = w ⊗ v ﬂipping operator
R = q1/2
N∑
i=1
Hi ⊗ Hi +
∑
i 6=j
Hi ⊗ Hj +
(
q1/2 − q−1/2) ∑
i>j
Eij ⊗ Eji
is the R-matrix with Ejiek = δikej .
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Reﬁned quantum dimension
We calculate a minimal world recursively
Tr
R⊗nω1
(
Φn U g1 g2 · · · gn−1
)
= (gω1)
−n/2
TrRω1
(
U
(
TrRω1
⊗ 1Rω1
)(
(U ⊗ 1Rω1 ) g1
)
. . .
× (TrRω1 ⊗ 1⊗(n−2)Rω1 )((U ⊗ 1⊗(n−2)Rω1 ) g1) (TrRω1 ⊗ 1⊗(n−1)Rω1 )((U ⊗ 1⊗(n−1)Rω1 ) g1))
Solution of the recurrence equations
Tr
R⊗nω1
(
Φn U g1 g2 · · · gn−1
)
= (gω1)
−n/2
n−1∑
k=0
f
(n−1)
k TrRω1
(
Uk+1
)
f
(m+1)
0 =
m∑
k=0
f
(m)
k t
(k+1) N+12
q − 1
tk+1 − 1
f
(m+1)
k+1 = f
(m)
k
tk+1 − q
tk+1 − 1
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Reﬁned quantum dimension
dimq,t(Rλ)√
gλ
=
q−
n (n−1)
4
[n]q!
dλβ+aI(q)
dλβ+aI(1)
(
[βN]q√
gω1 [β]q
)n
χrλβ+aI
(
Ωn(q, t)
)
Ωn(q, t) =
(
[β]q
[βN]q
)n
tn
N+1
2
∑
µ∈Λn+
q`(µ)
×
`(µ)∏
i=1
{
µi∑
k=1
t−k
N+1
2
(
q−1; t)k
(q − 1) (t; t)k−1 ζµi−k(q, t)
[
kβN
]
q[
kβ
]
q
}
Cµ
ζm(q, t) :=
∑
λ∈Λm+
Lλ
`(λ)∏
i=1
(
q−1; t
)
λi(
tλi − 1) (t; t)λi−1 for m > 0 ,
ζ0(q, t) := 1
(a; q)k :=
k−1∏
j=0
(
1− a qj) for 0 < k ≤ ∞ q-Pochhammer symbols
Lλ: number of distinguishable orderings of λi : L(2,1) = 2 and L(1,1) = 1
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Partition function for zero area
Chiral part of the partition funciton
Z+qtYM(N, g , 0) =
∞∑
n=0
∑
λ∈Λn+
(
dimq,t(Rλ)√
gλ
)2−2g
Assembling the central elements:
χrλ(C)χrλ(h(σ)) = drλ(1)χrλ
(
C h(σ)
) ∀C ∈ Z(Hq(Sn))
Using the expansion of the reﬁned quantum dimension gives
Z+qtYM(N, g , 0) =
∞∑
n=aN
(
q−
n (n−1)
4
[n]q!
)2 (
[βN]q√
gω1 [β]q
)(2−2g)n ∑
{si ,ti},∈Sn
q−
∑
i
(
`(si )+`(ti )
)
×
∑
λ∈Λn−aN+
dλβ+aI(q)χrλβ+aI
(
Dn Ω
2−2g
n
g∏
i=1
h(si ) h(ti ) h(s
−1
i ) h(t
−1
i )
)
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Partition function for zero area
Step-function Θn on Young diagrams
χµ
(
Θn(a, β)
)
=
{
dµ(1) µi ≥ (β − 1)ρi + a ∀i
0 otherwise
Θn(a, β) =
∑
µ∈Λn+
µi ≥(β−1)ρi+a
Pµ
Final expression for Z+qtYM(N, g , 0)
Z+qtYM(N, g , 0) =
∞∑
n=daNe
q−
n (n−1)
4
[n]q!
(
[βN]q√
gω1 [β]q
)(2−2g)n ∑
{si ,ti},∈Sn
q−
∑
i
(
`(si )+`(ti )
)
× δ
(
Θn Dn Ω
2−2g
n
g∏
i=1
h(si ) h(ti ) h(s
−1
i ) h(t
−1
i )
)
; β can be analytically continued away from Z≥1
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New deformation of Hurwitz theory
Jack polynomial limit : t = qβ then q → 1
lim
q→1
Z+qtYM(N, g , 0)
∣∣
t=qβ
=
∞∑
n=da Ne
∞∑
d=0
( 1
N
)2g−2 d∑
L=0
parametrized Euler characters︷ ︸︸ ︷
χn,d,g,L(β)
⇒ Generating function of χn,d,g,L(β)
χn,d,g,L(β) :=
∑
λ∈Λn+
ωλ(β)
βn (h−1)
∑
µ1,...,µL∈Λn+
µl 6=(1n) ,∑Ll=1 `∗(µl )=d
∆µ1(β) · · ·∆µL(β)
× χ(Σh,L)Hh,n
(
λ, µ1, . . . , µL
)
∆µ(β) =
`(µ)∏
i=1
µi∑
k=1
Γ(k − 1
β
)
Γ(1− 1
β
) Γ(k)
∑
λ∈Λµi−k+
β−`(λ)
`(λ)!
zλ
`(λ)∏
j=1
Γ(λj − 1β )
Γ(1− 1
β
) Γ(λj)
,
ωλ(β) =
1
n!
∑
µ∈Λn+
µi ≥ (β−1) ρi
dµ(1)χrµ(mTλ)
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Summary 1605.03748; 1306.1707
We have studied the phase transition of the planar 2D (q, t)-deformed YangMills
theory: we found two phase and computed the critical line.
We have reﬁned the quantum SchurWeyl duality for generalized characters.
We have calculated the chiral large N expansion of the two dimensional
(q, t)-deformed U(N) YangMills theory.
We have related it to sum over delta-functions on Hecke-algebras.
We have deﬁned a deformed Hurwitz theory of branched covers using the epxansion.
We have calculated the large N expansion of Wilson-loops and inserted boundary
defect operators (not presented in this talk).
Open questions
Relate the expansion to quantities in reﬁned topological string theory.
Expand the whole partition function ZqtYM, not just the chiral part, the antichiral
part as well.
Expand other observable, the defect holonomy punctures on the surface.
Interpret geometrically the deformed Hurwitz theory.
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Thank you for your attention!
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